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Abstract. Despite their sophisticated heuristics, boolean satisfiability
(SAT) solvers are still vulnerable to symmetry, causing them to visit
search regions that are symmetric to ones already explored. While sym-
metry handling is routine in other solving paradigms, integrating it into
state-of-the-art proof-producing SAT solvers is difficult: added reasoning
must be fast, non-interfering with solver heuristics, and compatible with
formal proof logging. To address these issues, we present a practical
static symmetry breaking approach based on orbitopal fixing, a technique
adapted from mixed-integer programming. Our approach adds only unit
clauses, which minimizes downstream slowdowns, and it emits succinct
proof certificates in the substitution redundancy proof system. Imple-
mented in the satsuma tool, our methods deliver consistent speedups on
symmetry-rich benchmarks with negligible regressions elsewhere.

1 Introduction

Boolean satisfiability (SAT) solvers power a wide range of industrial and academic
applications [9]. Yet despite decades of innovation, state-of-the-art SAT solvers
still lack robust, broadly deployed mechanisms for symmetry reasoning, even
though such mechanisms are commonplace in other paradigms [19, 33]. Without
explicit symmetry reasoning, solvers can waste significant amounts of time
exploring search regions that are isomorphic to ones already ruled out, leading
to substantial slowdowns on highly symmetric instances.

To address this problem, prior work in SAT has explored both preprocessing
(static) and on-the-fly (dynamic) symmetry-breaking techniques [1, 3, 14–17,
24, 36]. The most used approach in SAT is static symmetry breaking, which
adds constraints to the formula before solving to avoid isomorphic solutions. For
example, in graph coloring, one can fix the color of a designated vertex, since
any valid coloring can be permuted accordingly. Static methods are attractive in
practice because their overhead is often modest [3].

Although these techniques can yield substantial speedups on highly symmetric
formulas, they can also incur severe regressions elsewhere. A key culprit of this
slowdown is overly aggressive symmetry breaking: Adding too many clauses to
the formula often causes the solver’s performance to degrade, especially when
the formula is satisfiable. (For instance, see work by Aloul et al. [1].) Overall,
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symmetry handling techniques must strike a delicate balance between reasoning
strength, computational cost, and minimal interference with solver heuristics.

Complicating this trade-off even further, SAT symmetry-breaking techniques
must also be compatible with proof production. This is because modern SAT
solvers (since 2016) are certifying algorithms [29], meaning that they emit for-
mally checkable proofs that their answers are correct. Any additional symmetry
reasoning must therefore integrate cleanly with proof generation and verification.

Today, practical SAT symmetry-breaking tools suffer from several drawbacks.
All current tools produce structured lex-leader constraints [14], which can blow
up the size of the formula and degrade learned clause quality when encoded into
SAT. Proof logging is also problematic. Proof logging for practical symmetry-
breaking tools was only introduced very recently by means of the dominance
rule [10]. This approach has received notable success, with an implementation
in BreakID [17] earning a special prize at SAT Competition 2023. But while
dominance-based rules are very general, the new proof systems needed to support
them are complicated to implement, and their proofs are slow to check.

Interestingly, some symmetry-breaking techniques for mixed-integer program-
ming (MIP) avoid the problems of using large lex-leader constraints by applying
symmetry reasoning in a more surgical manner. For formulas that exhibit so-
called row symmetry, orbitopal fixing [27] breaks symmetries by adding only unit
clauses. This is accomplished by combining insights on symmetry with insights on
cardinality. Adapting such a technique to SAT should have far fewer downsides
than introducing long, structured constraints, such as lex-leader constraints.

Contribution. To tackle the challenges discussed above, we adapt orbitopal fixing
from MIP to SAT to introduce three new methods of practical symmetry handling.
All of our methods follow three guiding principles:
1. They exclusively add unit clauses to the formula.
2. They simultaneously exploit symmetry and cardinality.
3. They generate succinct proof certificates in the substitution redundancy (sr)

proof system [12, 20], without the need for dominance-based rules.

We implement our new techniques in the state-of-the-art symmetry breaking
tool satsuma [3].1 Despite the apparent restrictions—foregoing lex-leader con-
straints and feature-rich proof systems—it turns out that, indeed, our approach
produces strong practical results:
1. The performance of the state-of-the-art SAT solver CaDiCaL [8] is substan-

tially improved on the SAT Competition 2025, the SAT anniversary track of
2022, and a set of highly symmetric crafted benchmarks.

2. The preprocessing overhead is negligible (less than 1% of average solve time).
3. The performance regression on satisfiable instances is significantly smaller

than for lex-leader constraints (even though lex-leader constraints achieve
overall better pruning than our techniques on unsatisfiable instances).

4. The sr proofs are succinct, easy to generate, and efficient to check.
1 https://github.com/markusa4/satsuma.

https://github.com/markusa4/satsuma
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Overall, our techniques offer a more lightweight, surgical, and stable approach
to SAT symmetry breaking than lex-leader constraints, and our techniques can
be easily combined with other symmetry handling methods.

2 Preliminaries

We assume that the reader is generally familiar with concepts from SAT solving.
For a broad introduction to the topic, see the Handbook of Satisfiability [9].

The propositional formulas we consider in this paper are all in conjunctive
normal form (CNF), meaning that they are conjunctions of disjunctive clauses
containing literals. A literal ℓ is either a variable v or its negation v. In this paper,
we interpret clauses and formulas as sets. For example, we sometimes write the
clause (x ∨ y ∨ z) as {x, y, z}. Let Var(F ) and Lit(F ) be the set of variables and
literals occurring in F , respectively.

Two formulas F and F ′ are equisatisfiable if F is satisfiable iff F ′ is satisfiable.
This definition is bidirectional, but since we only consider formulas F ′ that are
formed by adding clauses to F (i.e., F ⊆ F ′), the reverse direction is trivial, and
thus we omit it in our proofs.

2.1 Unique Literal Clauses

A clause C ∈ F is a unique literal clause (ULC) with respect to F if none of
its literals ℓ ∈ C appear elsewhere in F \ C. ULCs enjoy the following property,
which is key to adapting orbitopal fixing to SAT (see Section 3.1).

Lemma 1 ([38], Lemma 4). Let F be a formula, and let C ∈ F be a ULC. If
F is satisfiable, then it can be satisfied by a truth assignment that sets exactly
one literal in C to true.

Another nice property of ULCs is that the set of ULCs in a formula F can be
computed in linear time: First store how many times each literal appears in F ,
and then check each clause to see if all of its literals appear exactly once in F .

2.2 Syntactic Symmetry of Formulas

A symmetry σ of a formula F is a permutation of Lit(F ) that maps F to itself.
Formally, let σ be a permutation of Lit(F ), and define σ(F ) as the formula
created by relabeling the literals of F under σ. Then σ is a syntactic symmetry
of F if:

1. σ(F ) = F , and
2. ¬σ(l) = σ(ℓ) for all ℓ ∈ Lit(F ) (i.e., σ commutes with negation).

When defining a symmetry σ, condition (2) says it is sufficient to specify
σ(ℓ) for only positive literals ℓ. We will write symmetries as σ := (ℓ 7→ ℓ′, . . . ),
meaning that σ(ℓ) = ℓ′. All literals not explicitly listed are assumed to map back
to themselves, i.e., σ(x) = x.
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Fig. 1. A graph modeling the symmetries of the formula (x∨y∨z)∧(x∨y)∧(x∨z)∧(y∨z).
Every clause is connected to its component literals, and every literal is adjacent to its
negation. On the left, the green arrows indicate the symmetry mapping x to y, y to z,
and z to x. On the right, the colors indicate the orbits of the vertices.

Example 1. Let F = (x∨y∨ z)∧ (x∨y)∧ (x∨ z)∧ (y∨ z). Then the permutation
σ := (x 7→ y, y 7→ z, z 7→ x) is a symmetry of F , since

σ(F ) = (y ∨ z ∨ x) ∧ (y ∨ z) ∧ (y ∨ x) ∧ (z ∨ x) = F.

In practice, the symmetries of a CNF formula are computed by modeling
the formula as a graph and then giving that graph to an off-the-shelf graph
isomorphism solver, such as nauty [30, 31], bliss [25, 26], Traces [31, 34], or
dejavu [4, 5]. Figure 1 (left) illustrates a graph modeling the symmetries of
Example 1. More-compact graph representations are typically used in practice [2].

As it turns out, the symmetries of a formula Aut(F )2 form a permutation
group, which means we can use concepts from group theory to reason about them.
In this paper, we use two such concepts: stabilizers and orbits.

Stabilizers are sets of symmetries that map literals back to themselves in
certain ways. The pointwise stabilizer Aut(F )(L) contains all symmetries of F
that stabilize each individual literal in a set of literals L, while the setwise
stabilizer Aut(F ){L} contains all symmetries of F that map L back to itself.
Formally,

Aut(F )(L) := {σ ∈ Aut(F ) | σ(ℓ) = ℓ for all ℓ ∈ L}, (Pointwise)
Aut(F ){L} := {σ ∈ Aut(F ) | σ(L) = L}. (Setwise)

Since the condition for pointwise stabilizers is stronger than the one for setwise
stabilizers, we have that Aut(F )(L) ⊆ Aut(F ){L}. Each set is always nonempty,
since the identity permutation is a member of both stabilizers.

The orbit of a literal ℓ is the set of literals that can be reached from ℓ by a
permutation group G of symmetries of F . Often, G = Aut(F ), but G is allowed
2 The notation Aut() is due to how the symmetries of F are also its automorphisms.
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to be any subgroup of Aut(F ). Two literals ℓ1 and ℓ2 are in the same orbit with
respect to G if there exists a symmetry σ ∈ G such that σ(ℓ1) = ℓ2. The orbits
under G form a partition of the literals, where literals in the same orbit are in
the same equivalence class. Figure 1 (right) illustrates the orbits of Example 1.

For a more general introduction to permutation groups, we refer the reader
to work by Seress [37].

2.3 Substitution Redundancy Proofs

When performing static symmetry breaking for SAT, we add symmetry-breaking
clauses to a CNF formula F to forbid symmetric solutions. For the additions
to be valid, we must prove that each addition preserves the equisatisfiability
of F . We can write such a proof of equisatisfiability in a clausal proof system,
and we can check the proof with a formally-verified proof checker. In this paper,
we use the substitution redundancy (sr) proof system [12, 20, 35], which is a
generalization of the popular rat [23] and pr [21] proof systems.

In a clausal proof system, each proof step either adds a clause or deletes a
clause. Added clauses C must be redundant, meaning that F and (F ∧ C) are
equisatisfiable. Addition steps may also include a witness ω that helps prove that
C is redundant. Crucially, these witnesses allow for efficient proof checking.

In sr, the witness is a substitution ω : Var(F ) → Lit(F ) ∪ {⊤,⊥} that maps
each variable to a literal or to a fixed truth value.3 This substitution extends
to literals in the natural way. As it turns out, substitutions can express the
symmetry reasoning involved in orbitopal fixing, which makes it easy to generate
sr proofs for the symmetry-breaking clauses we discuss in this paper.

To show that C is redundant, it is sufficient to show that C is substitution
redundant (sr) for F . In the definition below, we use the following notation.
We write ¬C for the negation of the disjunctive clause C, i.e., ¬C := ∧ℓ∈C ℓ.
We write F|ω for the reduction of the formula F under the substitution ω,
where every literal ℓ in F is replaced with ω(ℓ). We write ⊢1 for entailment via
unit propagation, where F ⊢1 ⊥ means that F causes a contradiction under
unit propagation, F ⊢1 C means that F ∧ ¬C ⊢1 ⊥, and F ⊢1 G means that
F ∧ ¬D ⊢1 ⊥ for all D ∈ G.

Definition 1 (Substitution redundant). A clause C is substitution redun-
dant for a formula F if there exists a substitution ω such that F∧¬C ⊢1 (F∧C)|ω.

Intuitively, the witness ω provides a way to repair any assignment τ that
satisfies F but not C into an assignment that satisfies both. If ω expresses a
symmetry of F , then it suffices to show that the repaired assignment τ ◦ω satisfies
C, where “◦” acts as a kind of function composition, with (τ ◦ ω)(ℓ) = ω(ℓ) if
ω(ℓ) ∈ {⊤,⊥} and (τ ◦ ω)(ℓ) = τ(ω(ℓ)) otherwise.

The sr rule uses unit propagation ⊢1 rather than general entailment ⊨ because
the use of unit propagation enables the sr rule to be checked efficiently by proof
3 pr witnesses are partial assignments, and rat witnesses are partial assignments on

a single literal. Thus, sr is a natural generalization of these two systems.
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checkers. Today, only the dsr/lsr [13] and VeriPB [20] proof formats support
sr reasoning. Our tool can generate proofs in either format.

Example 2. Consider the pigeonhole problem (PHP) of placing m pigeons into
n holes such that each pigeon gets its own hole. Whenever m > n, this task is
impossible. A common SAT encoding of PHP is:

php(m,n) =

m∧
j=1

(
n∨

i=1

pi,j

)
∧

n∧
i=1

∧
1≤j<k≤m

(
pi,j ∨ pi,k

)
,

where the variables pi,j mean that pigeon j is placed in hole i. When visualized
as a matrix, the m columns contain the at-least-one constraints, and the n rows
contain the at-most-one constraints.

This encoding exhibits a lot of symmetry. In particular, we are free to relabel
the holes or the pigeons however we wish. (In other words, the encoding exhibits
row symmetry ; see Section 3.1.) The presence of this symmetry allows us to use
sr reasoning to add redundant clauses to the formula.

Suppose we want to use the sr rule to show that pigeon 1 does not go in
hole 1, i.e., that the unit clause C = {p1,1} is sr. Since the left-hand side of the
⊢1 turnstile in the sr rule assumes ¬C, we are essentially assuming that pigeon 1
gets placed in hole 1. To “repair” this situation, we will use the witness ω that
swaps holes 1 and 2, meaning that pigeon 1 now gets placed in hole 2. Formally,
ω := (p1,1 7→ ⊥, p2,1 7→ ⊤, p1,j 7→ p2,j , p2,j 7→ p1,j). Note that ω explicitly sets
the truth values for p1,1 and p2,1, which forces pigeon 1 to be placed in hole 2.
All other variables for holes 1 and 2 get swapped. Viewing the variables as a
matrix, ω swaps rows 1 and 2.

We now show that C and ω satisfy the sr condition. The good news is that
most clauses in (F∧C)|ω have a trivial unit propagation refutation. In general, any
clause D ∈ F ∧C where D|ω = ⊤ or D|ω = D has a trivial refutation. Here, the at-
least-one column constraint containing p2,1 and any at-most-one row constraints
containing p1,1 are satisfied by ω, and the remaining column constraints and the
constraints for rows 3 through n are mapped back to themselves under ω. That
leaves the at-most-one constraints for rows 1 and 2.

The row 1 constraints are easy. Either they contain p1,1 and are satisfied by
ω, or they are mapped to a row 2 constraint, which causes a trivial refutation.

Finally, for the row 2 constraints, we do some unit propagation. By assuming
¬C = {p1,1} on the left-hand side of ⊢1, we can derive {p1,j} for all j ̸= 1 via
unit propagation on {p1,1, p1,j}. This lets us derive a refutation with the row 2
constraints on the right-hand side of ⊢1, since any constraint {p2,k, p2,k′}, mapped
under ω will contain p1,j for some j, conflicting with the {p1,j} unit we derived.

3 Fixing Rules

In this section, we introduce our new symmetry-breaking techniques. Notably, our
techniques exclusively assign or fix variables, i.e., they exclusively add unit clauses
to the formula. We also prove that each technique preserves equisatisfiability and
is compatible with sr proof production.
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3.1 Orbitopal Fixing

Our first symmetry-breaking technique is orbitopal fixing, which combines row
symmetry in a matrix of literals M with the presence of unique literal clauses
(ULCs) in the formula to fix literals of M . Our technique is inspired by a procedure
of the same name used in MIP [27, 32].

Intuitively, a subset of a formula’s literals exhibit row symmetry if they can
be arranged into a rectangular matrix M such that there exist symmetries that
swap any two rows of M . Formally, let F be a formula, and let M := (ℓi,j) be an
n×m matrix comprising a subset of Lit(F ). Then M exhibits row symmetry [18]
if there are symmetries {σi1,i2}i1,i2∈[1,n] ⊆ Aut(F ) that swap rows i1 and i2 via:

σi1,i2(ℓ) =


ℓi2,j if ℓ = ℓi1,j for some j ∈ [1,m]

ℓi1,j if ℓ = ℓi2,j for some j ∈ [1,m]

ℓi,j if ℓ = ℓi,j ∈ M and i ̸∈ {i1, i2}
.

Note that for our purposes, row swaps are free to affect literals Lit(F ) \M that
lie outside of the matrix. By composing row swaps, every possible reordering of
the rows can be achieved. In group-theoretic terms, these swaps generate the sym-
metric group over the rows. Row symmetry and related structures are crucial for
practical symmetry-handling algorithms, and they can be detected by generator-
based [16, 22, 33] or more-recently developed graph-based approaches [3].

We now turn to orbitopal fixing. Suppose our formula F has a matrix of
literals M that exhibits row symmetry. If each column of M is a unique literal
clause of F , then we may fix the bottom literal in the first column ℓn,1 to true
and all literals in the upper-triangular portion above ℓn,1 to false. Figure 2 shows
an example of orbitopal fixing. More formally:

Definition 2 (Orbitopal fixing). Let F be a formula, and let M := (ℓi,j) be
an n × m matrix that exhibits row symmetry in F . If every column of M is
ULC with respect to F , i.e., if Cj := {ℓi,j}i∈[1,n] ∈ F is ULC for every j, then
orbitopal fixing derives unit clauses (ℓn,1) and (ℓi,j) for every j ∈ [1,min(n,m)]
and i ≤ n− j.

At first, it might be surprising that we may fix so many literals at once. But
by using the property of ULCs from Lemma 1, we may assume that every column
of M is satisfied by exactly one literal. This assumption allows us to strategically
swap the rows with the satisfied literals into the lower-triangular portion of M ,
thus allowing us to fix the upper-triangular portion to false. This argument is
formalized in the following lemma.

Theorem 1. Let F be a formula with the conditions from Definition 2, and let
F ∧ L be the formula obtained by applying the orbitopal fixing rule to F . Then
the following hold:

1. F and F ∧ L are equisatisfiable.
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Fig. 2. An example of orbitopal fixing applied to a 4× 5 matrix of literals from some
formula F . The matrix exhibits row symmetry, and the columns are ULCs of F . Putting
these two conditions together, we may fix the bottom-left literal ℓ4,1 to true and the
upper-triangular portion of literals above ℓ4,1 to false.

2. There exists an sr proof that adds the unit clauses of L to F in a particular
order, namely, column-wise, top to bottom, left to right.

Proof. (1). By Lemma 1, let τ be a satisfying assignment for F that satisfies each
column Cj of the matrix M with exactly one true literal. We will now transform
τ into a new assignment that also satisfies the additional constraints in F ∧ L.

First, consider the leftmost column. Let i be the row containing the satisfied
literal of C1 under τ . If i ̸= n, then we may use the row symmetry σi,n to change
τ into a new assignment τ ◦ σi,n by swapping the truth values for rows i and n.
Since σi,n is a symmetry of F , the assignment τ ◦ σi,n still satisfies F , and by
our assumption that τ satisfies exactly one literal of C1, it also satisfies the unit
clauses in L setting ℓn,1 to true and ℓi,1 to false for all i < n.

Now consider the j-th column, and let i be the row containing the satisfied
literal of Cj . If i ≤ n − j, then we may do the same thing as before and swap
rows i and n − j + 1 to form τ ◦ σi,n−j+1. Note that swapping these two rows
exchanges only falsified literals in the columns to the left, since their true literals
lie beneath the (n− j + 1)-th row. As a result, we still satisfy the constraints in
these columns. And since the true literal of Cj is now beneath row n − j, the
new assignment sets every literal at and above this row to false, which satisfies
the unit clauses in L corresponding to column j.

By applying this procedure to the columns in order from left to right, we
obtain a modified τ that satisfies both F and F ∧ L.

(2). The series of sr clause additions generated by orbitopal fixing follows the
proof of (1) exactly, except we must add the clauses in order (top to bottom, left
to right), and we must provide a row-permutation witness for each unit clause.
More specifically, when we add the unit clause {ℓi,j}, we use the witness ω with

ω(ℓ) :=


⊥ if ℓ = ℓi,j

⊤ if ℓ = ℓi+1,j

σi,i+1(ℓ) otherwise.
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Let F ∧ L′ be the formula constructed so far by adding unit clauses.
According to Definition 1, for us to show that {ℓi,j} is sr, we must show that

F ∧L′ ∧ {ℓi,j} ⊢1 (F ∧L′ ∧ {ℓi,j})|ω. For most clauses, this is trivial: any clauses
C ∈ F whose literals are not modified by ω, i.e., where C ∩ {ℓ ∈ Lit(F ) | ℓ ≠
σ(ℓ)} = ∅, are immediately entailed. The new unit clause {ℓi,j} is also trivially
satisfied, since ω(ℓi,j) = ⊥.

The remaining types of clauses modified by the witness are: (i) previously
added unit literals L′, (ii) clauses of F not containing the variables of ℓi,j
and ℓi+1,j , and (iii) clauses of F containing the variables of ℓi,j and ℓi+1,j .

(Case i.) The order of the unit additions ensures that all previously added
unit literals ℓi,j′ for 1 ≤ j′ < j are mapped to other propagated literals ℓi+1,j′ .
Hence, they also entail each other.

(Case ii.) For every clause C ∈ F not containing the variables of ℓi,j or ℓi+1,j ,
we observe that the symmetry σi,i+1 applies, and ω(C) ∈ F holds.

(Case iii.) The ULC containing ℓi,j and ℓi+1,j is entailed, since ω(ℓi+1,j) = ⊤.
And because this clause is a ULC, all other clauses may only contain ℓi,j and
ℓi+1,j . All clauses containing ℓi,j are immediately entailed.

It remains to show that clauses C containing ℓi+1,j but not ℓi,j are entailed.
Consider the clause C ′ we obtain by mapping C under the row swap exchanging
rows i and i+ 1, that is, C ′ = σi,i+1(C). Since the row swap is a symmetry of F ,
C ′ ∈ F holds. In other words, C ′ is a premise.

By assumption, C ∩ {ℓi,j , ℓi,j , ℓi+1,j} = ∅ and ℓi+1,j ∈ C hold, and thus we
can conclude C ′ = C|ω ∪ {ℓi,j}. Assuming ¬C|ω together with the additional
premise ℓi,j thus contradicts the premise C ′. Hence, C|ω is entailed. □

Example 3. The pigeonhole problem with m pigeons and n holes exhibits row
symmetry when encoded as in Example 2, with the rows corresponding to the
holes and the columns corresponding to the pigeons. Thus, orbitopal fixing may
be applied. Figure 2 illustrates the case of 5 pigeons and 4 holes. When applying
orbitopal fixing to this formula, we end up with the following formula:

php(5, 4) ∧ p1,1 ∧ p2,1 ∧ p3,1 ∧ p4,1 ∧ p1,2 ∧ p2,2 ∧ p3,1.

3.2 Clausal Fixing

Our second symmetry-breaking technique, called clausal fixing, is based on the
observation that every clause must contain at least one satisfied literal. When all
literals of a clause belong to the same orbit under the formula’s symmetries, a
representative literal can be fixed without loss of generality.

Definition 3 (Clausal fixing). Let F be a formula with clause {ℓ1, . . . , ℓk} ∈ F
where all ℓi are in the same orbit of Aut(F ). That is, there are symmetries σ
with σ(ℓ1) = ℓi for each i. Then clausal fixing derives the unit clause {ℓ1}.

Intuitively, if we have any satisfying assignment, we know that there must be
at least one satisfied literal in that clause. Using the orbit, we can always swap
the satisfied literal with ℓ1. Thus, we can just assign ℓ1 directly.

We now formally prove the correctness of the clausal fixing rule.
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Theorem 2. Let F ∧ {ℓ1} be the formula obtained from F by an application of
the clausal fixing rule to clause C = {ℓ1, . . . , ℓk}. Then the following hold:

1. F and F ∧ {ℓ1} are equisatisfiable.
2. There is an sr proof deriving F ∧ {ℓ1} from F in k steps.

Proof. (1). Let τ be a satisfying assignment of F . We show how to transform τ
into an assignment that satisfies F ∧ {ℓ1}.

Let ℓi be a satisfied literal of C. If ℓi = ℓ1, then τ would already satisfy
F ∧ {ℓ1}, so assume otherwise. By definition of the clausal fixing rule, for every
literal ℓi ∈ C, there exists a symmetry σ with σ(ℓ1) = ℓi. Using this symmetry,
we obtain τ ′ = τ ◦ σ, which now sets ℓ1 to true. Since σ is a symmetry, the
resulting assignment τ ′ still satisfies F .

(2). We obtain an sr proof as follows. First, the proof derives binary symmetry-
breaking clauses {ℓ1, ℓi} for all i ∈ [2, k]. Each of these clauses is sr using the
symmetry ωi mapping ωi(ℓ1) = ℓi. After that, we may derive the unit clause {ℓ1}
by resolution on the added binary clauses.

It suffices to show that each binary clause {ℓ1, ℓi} is sr. Let L′ be the set of
binary clauses we have already added. We must show that

F ∧ L′ ∧ {ℓ1} ∧ {ℓi} ⊢1 (F ∧ L′ ∧ {ℓ1, ℓ1})|ωi
.

The result is immediate: Every clause in F is entailed, since ωi is a symmetry of
F , and every clause in C ∈ L′ ∪ {ℓ1, ℓ1} is entailed by the unit clause {ℓi}, since
ℓ1 ∈ C and ωi(ℓ1) = ℓi. □

3.3 Negation Fixing

Lastly, we describe the negation fixing rule. When a literal can be mapped to its
negation, we can fix it without loss of generality.

Definition 4 (Negation fixing). Let F be a formula, let ℓ ∈ Lit(F ) be a literal,
and let σ ∈ Aut(F ) be a symmetry that maps σ(ℓ) = ℓ. Then negation fixing
derives the unit clause {ℓ}.

In a sense, the negation fixing rule also exploits cardinality: trivially, at least
one of ℓ and ℓ must be true. We prove the correctness of the rule.

Theorem 3. Let F ∧ {ℓ} be a formula obtained from F by an application of the
negation fixing rule. Then the following hold:

1. F and F ∧ {ℓ} are equisatisfiable.
2. The unit clause {ℓ} is sr.

Proof. (1.) Let τ be a satisfying assignment of F . If τ sets ℓ to true, then we’re
done, so assume otherwise. Then the assignment τ ◦ σ satisfies F ∧ {ℓ}, where σ
is the symmetry from the negation fixing rule swapping ℓ with ℓ.

(2.) The clause {ℓ} is sr using as witness the symmetry mapping σ(ℓ) = ℓ. □
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3.4 Repeated Applications of Rules

All of our rules use the symmetries of a formula F to add a set of unit clauses L to
the formula, yielding a new formula F ∧ L. In turn, subsequent rule applications
would use the symmetries of F ∧ L. However, recomputing formula symmetries
after every rule application is not practical.

Instead of recomputing symmetries, we can update the set of applicable
symmetries using pointwise and setwise stabilizers (see Section 2.2). This ap-
proach may indeed yield fewer applicable symmetries than computing the full
group Aut(F ∧ L), but it’s cheaper to do so.

Let us now observe that by stabilizing the set of added unit literals L, we
obtain symmetries of F ∧ L from the symmetries of F .

Lemma 2. Let F be a CNF formula and L ⊆ Lit(F ) a subset of its literals. It
holds that Aut(F ){L} ⊆ Aut(F ∧ {{ℓ} | ℓ ∈ L}).

Proof. Let σ ∈ Aut(F ){L}. This means that σ(F ) = F and σ(L) = L. Consider
a clause C of the formula F ∧ {{ℓ} | ℓ ∈ L}. If C ∈ F , then σ(C) ∈ F ∧ L
follows. If C = {ℓ} is one of the unit clauses from L, then σ(ℓ) ∈ L follows, and
{σ(ℓ)} ∈ {{ℓ} | ℓ ∈ L}. Hence, σ is a symmetry of F ∧ {{ℓ} | ℓ ∈ L}. □

Unfortunately, setwise stabilizers are also expensive to compute. (In fact, the
problem of computing them is at least as hard as computing symmetries [28].)
However, since Aut(F )(L) ⊆ Aut(F ){L} holds, we can use pointwise stabilizers
instead. Polynomial-time algorithms exist to find pointwise stabilizers [37], and
they are often efficient in practice.

4 Implementation Details

We implemented our new fixing algorithms in the existing satsuma symmetry
breaking tool [3]. The tool is implemented in C++.

To enable efficient symmetry handling, satsuma simplifies the formula in
various ways: Duplicate literals are removed from clauses, duplicate clauses
and tautological clauses are removed from the formula, and unit propagation is
applied until fixpoint. But other than these simplifications, the tool only adds
symmetry-breaking clauses. In particular, the ordering of literals and clauses in
the formula remains unchanged.

Orbitopal Fixing. For the orbitopal fixing approach, we leverage the existing
structure detection of satsuma for row symmetry, row-column symmetry, and
the symmetries of so-called Johnson graphs [3].4 Although orbitopal fixing is only
defined over row symmetry, the more complex structures identified by satsuma

4 A Johnson graph J(n, k) represents the k-element subsets of an n-element set, where
two vertices share an edge if their set intersection has cardinality (k − 1). Intuitively,
Johnson graphs model the symmetries of the edges of complete graphs, or, more
generally, relational structures.
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often contain a row symmetry. In particular, row-column symmetry is inherently
composed of two row symmetries. For Johnson symmetry, the relationship is more
intricate, but certain instances of this structure can also contain an underlying
row symmetry.

Once a structure is identified as potentially having row symmetry, we check
its columns to see if they coincide with a unique literal clause in the formula.
Orbitopal fixing is applied to columns that fulfill the condition.

Clausal Fixing. Our implementation of clausal fixing follows a four-step procedure:

1. (Orbits.) We first compute the orbits of the currently considered group.
2. (Check clauses.) Each clause is considered once. If all of its literals belong

to the same orbit, then the clausal fixing rule is applied and one literal is
propagated. Since orbit partitions refine strictly under pointwise stabilizers,
a clause that does not qualify at this stage will not qualify at any later stage.

3. (Witness.) To generate sr proofs, we must identify symmetries that can act
as witnesses. When we apply clausal fixing to a literal ℓ in a clause C, we
explicitly compute symmetries σ such that σ(ℓ) = ℓ′ for each ℓ′ ∈ C.

4. (Stabilize.) Whenever propagation occurs, we update the group by taking
the pointwise stabilizer of the propagated literals. Then we go back to Step 1
and recompute the orbits for the refined group.

The process stops once each clause has been checked once.
We employ two different algorithms to compute pointwise stabilizers and

witness symmetries: a more involved Schreier-Sims-based implementation, and a
faster heuristic for binary clauses.

1. The Schreier-Sims algorithm [37, 39] computes pointwise stabilizers. Internally,
it stores a so-called transversal which can immediately provide the necessary
witness symmetries. While it tends to be quite fast for many groups, it often
exhibits quadratic scaling in practice. As a result, we set computational limits
on the use of Schreier-Sims in our implementation. We use the Schreier-Sims
implementation of the dejavu [4] library.

2. For large groups, we implement a more rudimentary heuristic which only
tests binary clauses. It greedily searches for an existing generator that can
serve as the witness symmetry. The heuristic takes pointwise stabilizers by
filtering generators to ones that stabilize the desired points.

Negation Fixing. Negation fixing follows a very similar strategy to clausal fixing,
except instead of iterating over clauses, it iterates over variables. For each
variable v, we check if v and v are in the same orbit. As with clausal fixing, we
employ both a Schreier-Sims based implementation and a more efficient heuristic.

5 Experimental Evaluation

We evaluated the effectiveness of our fixing techniques as implemented in satsuma
on three benchmark suites. The first suite is from the anniversary track of the

https://benchmark-database.de/?query=track%3Danni_2022
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Fig. 3. A scatter plot of CaDiCaL with and without fixing on the anniversary suite.
The times are in seconds and include preprocessing time. Empty marks denote that no
units were added. The size of the marks correlates to the number of fixed units relative
to the number of formula variables. Points below the diagonal benefited from fixing.

SAT Competition 2022 [6], comprising non-random benchmarks from the SAT
Competitions 2002 to 2021, duplicates excluded. The second suite comprises the
benchmarks from the main track of the SAT Competition 2025. The third suite
comprises highly symmetric synthetic benchmarks that have appeared in various
papers on symmetry breaking, including pigeonhole, Tseitin, clique coloring, and
graph coloring formulas, as well as multiple instances from Ramsey theory.

For each suite, we filtered out all formulas larger than 1 GB in size, since for
such large formulas symmetry handling often incurs prohibitive computational
overhead, and are thus skipped by the symmetry breaking tools anyway. After this
filter, the anniversary suite has 5344 formulas, the 2025 suite has 386 formulas,
and the synthetic suite has 137 formulas.

https://benchmark-database.de/?query=track%3Dmain_2025
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We ran our experiments on the cluster at the Pittsburgh Supercomputing
Center [11]. Each machine has 128 cores and 256 GB of RAM. We ran every tool
in parallel across all cores. We used a timeout of 5000 seconds for CaDiCaL5

(which matches the official timeout for the SAT competitions), as well as a 300
second timeout for satsuma and dsr-trim [13],6 an (unverified) sr proof checker.
Notably, all satsuma runs finished before timeout.

We ran satsuma with five different settings: each of our three fixing techniques
individually, all of our techniques combined (“all-units”), and a control version of
satsuma that produces lex-leader constraints. We checked all satsuma-generated
sr proofs with dsr-trim. Then we ran CaDiCaL on all formulas.

Figure 3 shows the results of applying all fixing techniques to the anniversary
benchmarks. Our fixing techniques allow CaDiCaL to solve many dozens of
formulas very quickly, including 67 formulas that can be solved in a second of
preprocessing time, while CaDiCaL without symmetry breaking times out after
5000 seconds. Many empty points below the diagonal are due to satsuma’s
formula simplification (especially on satisfiable instances). Note that few points
are clearly above the diagonal, thereby showing that our techniques have minimal
negative impact on the performance across the anniversary benchmarks.

Figure 4 shows similar results on the synthetic and 2025 suites. Notably,
most of the synthetic benchmarks become easy after fixing, showing, somewhat
surprisingly, that symmetry breaking is all that is needed to solve these instances.
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Fig. 4. Scatter plots of CaDiCaL with and without fixing on the synthetic suite (left)
and the 2025 suite (right). The times are in seconds and include preprocessing time.

Figure 5 shows a cumulative solved formulas (CSF) plot comparing the
runtimes of CaDiCaL with each satsuma setting against base CaDiCaL on
the anniversary suite. The left CSF plot shows the regression due to symmetry
5 https://github.com/arminbiere/cadical. We used version 2.1.3.
6 https://github.com/ccodel/dsr-trim.

https://www.psc.edu/
https://www.psc.edu/
https://github.com/arminbiere/cadical
https://github.com/ccodel/dsr-trim
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breaking on satisfiable instances, since symmetry breaking on satisfiable formulas
typically has no benefit and can be harmful instead. The plot shows that the
lex-leader setting performs the worst, while the new techniques limit the amount
of regression. The regression is similar across satsuma settings, which suggests
that satsuma’s formula preprocessing and simplification dominate the costs.

The right CSF plot of Figure 5 shows the runtime performance on unsatis-
fiable instances. Lex-leader performs the best, but the all-units setting is close
behind. Below them, each individual setting performs similarly, with clausal
fixing performing the worst. All techniques outperform base CaDiCaL.
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Fig. 5. CSF plots on SAT (left) and UNSAT (right) formulas of the anniversary suite

Figure 6 shows the CSF plots for the synthetic and 2025 suites. On the
synthetic instances, the all-units configuration performs the best. The main
reason for its success is that negation fixing can easily solve all Tseitin formulas,
in contrast to lex-leader. (A similar approach could be implemented for lex-leader,
but this is currently not present in satsuma.) On the 2025 suite, lex-leader shows
the strongest performance, followed by the all-units configuration.

Table 1 summarizes the data shown in the figures.
As part of our experiments, we generated and checked sr and drat proofs.

satsuma generated sr proofs when applying our fixing techniques, and CaDiCaL
generated drat proofs for unsatisfiable formulas. All proofs were either accepted
by the dsr-trim and lsr-check proof checkers, or caused a memout/timeout.
Proof checking time was generally low, with most proofs finishing in under 15
seconds. Table 2 summarizes the times taken for proof checking.

One particular advantage of satsuma’s sr proof generation is that it composes
with CaDiCaL’s drat proof generation. For any unsatisfiable symmetry-broken
formula, we appended the drat proof to the end of its sr proof, and then checked
the proof with respect to the original formula. In this way, the two proofs form a
complete proof of unsatisfiability of the original formula.
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Fig. 6. CSF plots on the synthetic suite (left) and the 2025 suite (right)

Table 1. Results across the benchmark suites for the average preprocessing time in
seconds (PPT), the average CaDiCaL runtime with preprocessing in seconds (CRT),
and the average number of units added to the formula by the fixing technique (#U).

Suite Anni22 Satcomp25 Synth

Setting PPT CRT #U PPT CRT #U PPT CRT #U

Orbitopal 2.51 1555.5 11.23 8.06 1746.7 8.37 0.44 1919.2 743.0
Negation 1.93 1572.0 32.59 5.77 1870.6 52.15 0.32 2469.4 16.5
Clausal 1.83 1605.7 23.64 5.45 1845.3 14.33 0.73 3041.0 15.2

All 1.81 1504.5 67.30 5.27 1694.3 71.48 0.76 1250.0 768.6
Lex-leader 1.73 1472.4 – 4.85 1593.7 – 0.32 1486.6 –

CaDiCaL – 1607.8 – – 1882.9 – – 3138.6 –

Table 2. Results for sr proof checking times across the various benchmark suites
and settings, showing the average dsr-trim checking time in seconds (DCT) and the
average lsr-check checking time in seconds (LCT).

Suite Anni22 Satcomp25 Synth

Setting DCT LCT DCT LCT DCT LCT

Orbitopal 5.35 0.76 15.15 1.36 8.42 4.19
Negation 5.76 1.43 16.80 1.64 0.04 0.01
Clausal 6.76 0.86 16.13 1.29 5.29 0.16

All 7.48 1.41 15.91 1.48 8.67 3.18

6 Conclusion

We presented new static symmetry-breaking techniques based solely on introduc-
ing unit clauses to a given formula, which we implemented in the state-of-the-art
tool satsuma. The key insight behind these techniques was to combine symmetry
and cardinality reasoning. This combination enabled us to, for the first time,
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implement meaningful, practical symmetry breaking that produces sr proofs
instead of dominance-based proofs. Our experiments demonstrate significant
performance improvements across a wide variety of benchmarks, with reduced
regression compared to the lex-leader approach.

As for future work, we hope to expand the present techniques further to close
the gap with the lex-leader approach on unsatisfiable instances. While this may be
difficult by using only unit clauses, it would be interesting to achieve this without
incurring any additional performance regression on satisfiable instances while
still using lightweight sr proofs. Indeed, it would be intriguing to find concrete
benchmark families that can be efficiently solved in practice using lex-leader
constraints, but evade serious attempts at efficient, practical symmetry handling
in sr. A concrete candidate might be small Ramsey numbers: while a very short
sr proof for R(4, 4, 18) is known [13], it is possible to easily solve the slightly
harder R(3, 7, 23) within few minutes using lex-leader constraints. We wonder
if it is possible to generalize the symmetry breaking from the R(4, 4, 18) proof
to larger numbers. Separately, in MIP, orbitopal fixing can be used under more
general conditions [7, 27], which may be interesting to adapt to SAT.

7 Data Availability and Reproducibility

All of our source code, benchmark formulas, and experimental results can be
found at our artifact on Zenodo.7 The artifact contains detailed instructions for
how to download the formulas and compile the source code in a Docker container.
The artifact also contains scripts to run experiments and compare the results to
the ones from our paper.
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